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Constraining CPT-even and Lorentz-violating nonminimal couplings with the electron 

magnetic and electric dipole moments 
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We analyze some dimension-five CPT-even and Lorentz-violating nonminimal couplings between 
fermionic and gauge fields in the context of the Dirac equation. After evaluating the nonrelativistic 
Hamiltonian, we discuss the behavior of the terms under discrete symmetries and analyze the implied 
effects. We then use the anomalous magnetic dipole moment and electron electric dipole moment 
measurements to reach upper bounds of 1 part in 10 20 and 10 24 (eV ) _1 , improving the level of 
restriction on such couplings by at least 8 orders of magnitude. These upper bounds are also 
transferred to the Sun-centered frame by considering the Earth’s rotational motion. 
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I. INTRODUCTION 

The existence of the electric dipole of elementary par¬ 
ticles may be seen as a consequence of asymmetric charge 
distribution along the spin S direction. Its measurement 
serves as an important probe for the development of sev¬ 
eral distinct theories and new interactions. The electric 
dipole interaction is represented by d(er ■ E), with E be¬ 
ing the electric field, er the spin operator, and d the 
modulus of the electric dipole moment (EDM). An ele¬ 
mentary (or not) particle can only present EDM when 
both parity ( P ) and time-reversal (T) symmetries are 
lost, P(cr ■ E) -A — (er • E), T(e t • E) —¥ — (er • E), so that 
the presence of EDM is associated with CP and T viola¬ 
tion. In usual electrodynamics, the EDM stems from the 
Lagrangian contribution, id^a^^F^ip) [1-3], where 
%p stands for a Dirac spinor. Elementary particles really 
possess a tiny EDM, whose values can be used to con¬ 
strain the magnitude of new couplings and theories that 
induce this kind of physical behavior [4]. 

Some interesting recent works have been proposed to 
use the EDM of particles and atoms as a key factor for 
constraining the theoretical possibilities of interaction. A 
few CPT-odd dimension-five interaction terms linear in 
thC-gauge field, c v 'ipYF^ip , cPi/V^P^, / l 'V>7 ^F^ip, 
were analyzed in Ref. [4], making the con¬ 
nection with the EDM generation and Lorentz-violating 
theories. The relation of these LV terms with anoma¬ 
lous magnetic moment (MDM) were considered in Ref. 
[5], which developed an analysis involving the splitting 
of the g factors of a fermion and antifermion to con¬ 
strain some of them. These CPT-odd terms consti¬ 
tute nonminimal couplings between fermions and pho¬ 
tons. The term g^^^^F^ip, for instance, was first pro¬ 
posed in Ref. [6] by means of the nonminimal derivative, 
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Dfj, — + ieA^ + e fJ ,\ a pg x F a P, defined in the context 

of the Dirac equation, — m)^ = 0, where g^ can 

be identified with the Carroll-Field-Jackiw four-vector, 
(k AF r = (vo,v), and A is the coupling constant. This 
particular coupling was already analyzed in several re¬ 
spects [7-9], including the radiative generation of CPT- 
odd LV terms [10]. See also Ref. [11] and the references 
therein. 

The investigation of Lorentz-symmetry violation is ac¬ 
tually a rich line of research, much developed in the 
framework of the Standard Model extension (SME) [12- 
17], whose developments have scrutinized the Lorentz- 
violating effects in distinct physical systems and served 
to state tight upper bounds on the LV coefficients, includ¬ 
ing photon-fermion interactions [18]. Lorentz-violating 
scenarios are connected with the breaking of CPT sym¬ 
metry, although it is known that CPT violation does not 
necessarily lead to the loss of Lorentz invariance and vice 
versa in nonlocal theories [19]. LV theories are also re¬ 
lated to models containing nonminimal couplings with 
higher-order derivative terms in what is called the non¬ 
minimal extension of the SME [20]. Alternative investi¬ 
gations with higher derivatives [21] and higher-dimension 
operators [22] have also been proposed. A recent and 
broad investigation about LV effects on the muon MDM 
was performed in Ref. [23], while LV connections with 
the neutron EDM were reported in Ref. [24]. The LV 
contributions that enhance the EDM of charged leptons 
stemming from a CPT-even term of the SME fermion 
sector, d^Pp 7$T M V’> was developed in Ref. [25], with the 
form factor one-loop evaluation. 

We have studied a dimension-five CPT-even nonmin¬ 
imal coupling in the context of the Dirac equation [26], 

Dp = dp + ieA ^ {K F ) lu , aP 'fF a f i , (1) 

not contained in the broader nonminimal extension of 
SME. Here, (Kp)p Va p is the CPT-even tensor of the 
SME electrodynamics. It has the same symmetries of 
the Riemann tensor and a double null trace, implying 
19 components [16]. Inserted in the Dirac equation, 
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it provides a nonrelativistic Hamiltonian endowed with 
contributions to the EDM and to the MDM, namely 
A(er • E), A(er • B), which rendered upper bounds on the 
Lorentz-violating parameters as good as X(khe) 33 < 
10 _ 11 (eH) _1 . This nonminimal coupling radiatively gen¬ 
erates the CPT-eve n gauge term of the SME Lagrangian, 
{KF)iivapF llv F a P [27]. Related studies arguing the gen¬ 
eration of topological phases have been reported as well 
[28]. 

In the present paper, we propose an axial version of the 
CPT-eve n nonminimal coupling considered in Eq. ( 1 ) in 
the context of the Dirac equation. We first access the 
nonrelativistic regime, evaluating the associated Hamil¬ 
tonian from the Dirac’s equation. We then analyze the 
effects induced on the magnetic dipole and electric dipole 
moment, using measures of the electron anomalous MDM 
and the electron EDM to limit the magnitude of the non¬ 
minimal LV terms at the stringent level of 1 part in lO 20 
(eV )^ 1 and 1 part in 10 24 (eV) _1 , respectively. 

II. AN AXIAL CPT-EVEN 
LORENTZ-VIOLATING NONMINIMAL 
COUPLING 


with the constant Ayt highlighting the axial character of 
the coupling, and 

^ = ^ ( 7Y-tY) = (7) 

Note that (ATp)^^ 75 cr M "F a/3 \& constitutes a tensor gen¬ 
eralization of the usual dipole cr^'y^F^'S? term. Using 
the parametrization (3)-(5), we obtain 

{K F ) pva p lb a^F af> = 2iY? (E - 7 - M j ) + 2a j - B J ) , 

( 8 ) 

where we have introduced the following rotated fields: 


E fc = (, K DE ) kj E j , 

B k = {n DB ) kj B\ 

(9) 

~ k 

~ k 


E ={K HE ) kq E\ 

B =(n H B) kp B p , 

( 10 ) 


with kde , khe, khb, being the Lorentz-violating 

matrices. Here, F 3 j = E^F mn = e mnp H p , while cr 0 - 7 = 
iai , cr 1 - 7 = eijk^ k , and 



We begin by proposing a quantum electrodynamics 
where the spinors interact nonminimally with the elec¬ 
tromagnetic field. This is implemented introducing a 
dimension-five axial and CPT-eve n nonminimal cou¬ 
pling, 


0^ = 8^+ ieA p F afi , (2) 

in the context of the Dirac equation, — m)^ = 0. 

Here, (K F ) pua p is the CPT-eve n tensor of the SME 
that can be written in terms of four 3x3 matrices 
kde, kdb, khe, khb, defined in Refs. [16] as 

( KDE)jk = -2{K F )ojOk, (3) 

(khb)jI- = 2 e jpq e klm{F F ) pq im, ( 4 ) 

(■ K DB) jk = - ( KHE) kj = ekpq(K F ) 0 j pq . ( 5 ) 

The symmetric matrices kde, k hb contain the parity- 
even components and possess together 11 independent 
components, while kdb, khe possess no symmetry, hav¬ 
ing together 8 components, representing the parity-odd 
sector of the tensor ( K F ). This classification holds only 
in the context of a minimal coupling QED. In the case of 
a QED with nonminimal interaction involving the tensor 
(K p), the parameters kde, kdb, khe, khb could play 
distinct roles concerning parity and time reversal, as it 
appears in Table I. 

The Dirac equation can be explicitly written as 


and a = (< 7 x ,a y ,a z ) are the Pauli matrices. In the mo¬ 
mentum coordinates, id p —> p p , the corresponding Dirac 
equation is 


idt'i = 


a ■ 7 r + eA 0 + mY — \A'y 0 T, k Z k + IXa^Z 


T, 


( 11 ) 

with 7v — p — eA being the canonical momentum and 

Z = (E - B), Z = (E - l) . (12) 


We point out that the presence of the factor 7 0 , multi¬ 
plying the term E fc Z fc , implies an effective contribution 
to the energy of the system, evading the Schiff’s theo¬ 
rem and allowing us to use the electron EDM data to 
constrain the magnitude of this axial coupling. 

In order to investigate the role played by this nonmini¬ 
mal coupling, we should evaluate the nonrelativistic limit 
of the Dirac equation. Writing the spinor T in terms of 
small (x) and large (<(>) two-spinors, 


4- = 



(13) 


the Dirac equation (11) leads to two 2-component equa¬ 
tions, 


[E — eAo — m + Ancr-'Z- 7 ] 


i\ A a j Z 


X = 0 , 
(14) 


iYdp - erfA„ - i^{K F )^ a p l3 Y v F^ - m 


U/ = 0 , 
( 6 ) 


' 7T — zAylfUZ 


— [E — eAo + m — A^o^Z- 7 ] % = 0. 

(15) 
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At first order in the Lorentz violating parameters, the 
following nonrelativistic Hamiltonian is achieved for the 
case of uniform fields: 


H a = 


1 

2m . 


(p — eA) — e(cr • B) + eA 0 — A A (cr • Z) 

(16) 


+ — Z • (cr x p) - — Z • (a x A). 
m m 


Concerning the new effects induced by this Hamilto¬ 
nian, we are particularly interested in the terms that 
lead to corrections to the anomalous magnetic moment, 
A A (cr ■ B), and to the electric dipole moment of the elec¬ 
tron, A A (cr • E). We also note that the term E • (<r x p) 
is a generalization of the Rashba coupling term, while 
cr • E also generates a kind of electric Zeeman effect, in 
the total absence of a magnetic field. 

A parallel can now be traced to the nonminimal cou¬ 
pling of Ref. [26] , whose Dirac equation, 


i-fdn 


+ ^{K F )^ a0 a^F a0 - m 


T = 0, 

(17) 


id t A’ = 


a ■ 7r + eAg + iX r f r E? + A 7 °E fe Z + my' 




(18) 

yields the following LV corrections to the nonrelativistic 
Hamiltonian: 


H lv = -A (cr • £) - — Z • (cr x p) + —Z • (a x A), (19) 
m m 


which reveals an EDM term even in the absence of the 
75 matrix in the nonminimal coupling of Eq. (17). 

We are ready to discuss the behavior of the modified 
Dirac equations (11) and (18) under the discrete sym¬ 
metries C,P,T. While the LV parameters of Eq. (18) 
obey the original classification of the 3x3 matrices [16] 
under P and T, the components of the axial coupling 
follow reversed behavior under such operators. Table I 
displays the response under the C, P, T operators of the 
axial coupling parameters of Hamiltonian (16), A A (kde), 
Aa (kdb) , A a {khe), Xa(khb), and the coupling param¬ 
eters of Hamiltonian (19), A (kde), A (kdb) , A (khe), 
X(khb)- We notice that the elements A a(kde), X a (khb) 
and A A (kdb), X a (khe) are now P odd and P even, re¬ 
spectively, instead of inheriting the usual behavior of the 
matrices (kde), (khb), (kdb), (khe)- We can also ob¬ 
serve that the axial term, A A T, l E z , that yields the non¬ 
relativistic interaction X A (a ■ E), is P odd and T odd, 
compatible with the EDM character. The same holds for 
the term AE k E k of Hamiltonian (19). 


III. TREE-LEVEL MAGNETIC AND ELECTRIC 
DIPOLE MOMENTS 


ANM 

Xa(kde) 

Aa (kdb) 

Xa(khe) 

A a(khb) 

C 

+ 

+ 

+ 

+ 

P 

— 

+ 

+ 

— 

T 

- 

+ 

+ 

- 

CPT 

+ 

+ 

+ 

+ 






NM 

X(kde) 

A ( kdb ) 

A (khe) 

X(khb) 

C 

+ 

+ 

+ 

+ 

P 

+ 

- 

- 

+ 

T 

+ 

- 

- 

+ 

CPT 

+ 

+ 

+ 

+ 


TABLE I: Complete classification under C, P, T for the coef¬ 
ficients of the axial nonminimal coupling (ANM) and usual 
nonmimal coupling (NM). 


moment and an electric dipole moment. Investigations 
about LV effects on the electron anomalous MDM were 
developed in Refs. [29]. 

The electron magnetic moment is p = —gpsS, where 
Pb = e/2 to, S is the spin operator and g = 2 is the gy- 
romagnetic factor. The anomalous magnetic moment of 
the electron is given by g = 2(1 + a), with a = a/2n ~ 
0.00116 representing the deviation in relation to the usual 
case. Its most precise calculation is found in Ref. [30]. 
The magnetic interaction is H' = pb( 1 + a) (cr • B). In 
accordance with very precise measurements [31], the ex¬ 
perimental error on the electron MDM is at the level of 
2.8 parts in 10 13 , that is, Aa < 2.8 x 10 -13 . In our case, 
the Hamiltonian (16) provides tree-level LV contributions 
to the usual g = 2 gyromagnetic factor, which cannot be 
larger than Aa. The total magnetic interaction in Eq. 
(16) is fiB {& • B) + X A (cr ■ M). For the magnetic field 
along the z axis, B =BqZ , and a spin-polarized configu¬ 
ration in the z axis, this interaction assumes the form 


Pb 


2m 

1 + ( k db) 33 


(ct z P 0 ) ■ 


( 20 ) 


where 77 Aa (kdb) 33 stands for the tree-level LV correc¬ 
tion that should be smaller than Aa, so that 

|Aa («m) 33 I < 2.3 x 10- 20 (eV)-\ ( 21 ) 

represents an improvement by a factor ~ 10 10 on the 
strength of the corresponding bound of Ref. [26]. Al¬ 
ternatively, if we use the analysis of Ref. [5], based on 
the splitting of the g factor of electron and positron, we 
conclude that Aa (kdb) 33 < 2.3 x 10 ~ 12 ps, leading to 

|Aa (kdb) 33 I < 1.9 x 10- 19 (eV)" 1 . ( 22 ) 

We should now discuss the EDM term, Aa(o - -E), which 
can be written as 


An interesting feature of the Hamiltonian (16) is that 
the term A A cr ■ (E — B) is able to generate a magnetic 


Aa (cr ■ E) = Aa 


(kde)u 


(<x-E). 


(23) 
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The strongest limitations to be achieved involve the elec¬ 
tron EDM, d e , that is the minor known one. The magni¬ 
tude of d e has been constrained with increasing precision 
[1, 32, 33], reaching the level |d e | < 1.1 x 10 - 29 e.m or 
|d e | < 4.7 x 10 -24 (eV) _1 . Very recent experiments [34] 
improved this limit as |de| < 8.7 x 10 31 e.m , or 

|d e | < 3.8 x 10 _ 25 (eV) _1 . (24) 

Considering this experimental measure, we attain the fol¬ 
lowing upper bound: 


\\a(kde)u\ < El x 10- 24 (eV)-\ (25) 

surpassing the best magnetic bound ( 21 ) by the factor 
10 4 . We remark that this limit is at least 8 orders of 
magnitude better than the bounds first attained in the 
analogue nonminimal coupling of Ref. [26] . 

We know that the nonminimal coupling of Ref. [26] 
yields an EDM term even without containing a 75 ma¬ 
trix. Therefore, we can also improve the upper bounds 
on some of its components by the same procedure. We 
begin with the term A (<x • E) of Eq. (19) using the elec¬ 
tron EDM. In this case, as the matrix khe is traceless, 
we should choose a particular direction for the electric 
field, E =Eqx , which yields 


few weeks long, it is possible to neglect the Earth’s mo¬ 
tion around the Sun, so that the transformation on the 
LV tensors is a mere rotation, due to the Earth’s rotation 
around its own axis. According to this, a 3-component 
rank-1 tensor, on the spinning Earth’s RF, transforms as 


T/Lab _ 'n T/Sun 

V i ~ 'Wfc Vk 


where 


V = 


^cos x cos cos x sin 

— sin fit cos fit 
ysinycos fit sin x sin fit 



cos x 


(29) 


(30) 


in which x is the colatitude of the lab and fl = 27r/23h 56 
min is the Earth’s rotation angular velocity. A rank-2 
tensor transforms according to the rule 

4 ab = n^Air . (si) 

In the literature [35], the Earth-based frame, where the 
laboratory is located, has axis x, y, z, while the Sun- 
centered frame has X, Y, Z as axis. Hence, A 8an = 
A^’ Y ' Z \ A bab = A^’ v,z \ Applying this transformation 
to the 33-component of the matrix, we obtain 


A(<t • E) = A ( khe)u (er*E 0 ) , (26) 

implying 

A (khe)u < 3.8 x 10 _ 25 (eV) _1 , (27) 

which represents an improvement of the corresponding 
previous bound of [26] by a factor ~ 10 s . 

As for the term A(er -B) of Eq. (19), we use the anoma¬ 
lous electron MDM measures to improve the previous 
bound by a factor ~ 10 10 , that is, 

A ( k H b ) 33 < 2.3 x 1CT 20 (eV)' 1 . (28) 

In these evaluations, we have used natural units: m e = 
5.11 x 10 5 eV, e = v/l/137, and lm= 5.06 x 10 6 (eV)” 1 . 


(A)g 3 b = (sin 2 x cos 2 fit) A 8an + (sin x ' 2 cos fit sin fit) A 8 ™ 

+ (sin x cos x cos fit) A 8 ™ + (sin 2 x sin fit cos fit) Af an 
+ (sin 2 x sin 2 fit) A 8 ™ + (sin fit sin x cos XM 23 11 
+ (cos fit cos x sin x) A 8 ] 111 + (sin fit cos x sin x) AI 32 11 
+ cos 2 x^ 33 n . ( 32 ) 

whose time average leads simply to 

<A bab > = i sin 2 X A 8 r + \ sin 2 x^JT + ^s 2 X^^” • 

(33) 

With these transformations, it is possible to write the 
upper bounds here attained in terms of combinations of 
the Sun-based frame ones. The bound (21) yields 


IV. SIDEREAL VARIATIONS 

Strictly speaking, neither the Earth nor the Sun is an 
ideal inertial reference frame (RF). Nevertheless, the lat¬ 
ter is closer to being one, as its rotation period, around 
the center of the galaxy, is about 230 million years. Since 
the Lorentz-violating (LV) tensors are constant for an 
inertial RF, the time dependence of their components 
is expected in experiments performed on the Earth, ex¬ 
hibiting a periodic variation associated with the Earth’s 
rotation time (l/fi). A reasonable choice for an inertial 
RF is the Sun, with the z axis matching the direction of 
the Earth’s rotation axis and the x axis pointing from the 
Earth’s center to the Sun on the vernal equinox in 2000. 
For more details, see Refs. [35]. In experiments up to a 


^(A akdb) S xx sin 2 X + ^(A akdb)y u y sin 2 X 
+ (Aakdb)IT c °s 2 X < 2.3 x 10~ 2 O (eV) _ 


(34) 


As the trace is invariant under rotation, the bound (25) 
reads as 

\{\A^ DE )\t h )\ = |(A A («BB)| un )| < LI x 10- 24 (eV ) -1 . 

(35) 

Finally, the bounds (27) and (28) then become 


^(Akbb)|™ cos 2 x + ^(Akbb)!™ cos 2 x 
+ (A khe)% u z sin 2 X < 3.8 x 10 ~ 25 (eV) 


( 36 ) 








5 


i ( A khb) 1 2 3 4 S xx sin 2 7 X + sin 2 x 


+ (A khb)z u z cos X < 2.3 x 10 20 (eV) 


(37) 


For attaining a clearer scenario of constraining on the 
Sun-based components, it is necessary to know the co¬ 
latitude x and details of the experimental device, as the 
electric alignment. 


V. CONCLUSIONS 

We have proposed an axial CPT-eve n, dimension- 
five, and Lorentz-violating nonminimal coupling between 
fermionic and gauge fields, involving the tensor (Kp)^ va p 
of the gauge sector of the SME, in the context of the 
Dirac equation. The nonrelativistic Hamiltonian was car¬ 
ried out, revealing corrections to the anomalous magnetic 
moment and to electron EDM. Effects of these terms 
on the electron EDM and on the anomalous magnetic 
moment of electrons and positrons have yielded upper 
bounds as tight as A a{kde)u < 1-1 x 10 -24 (eV) -1 and 
\^a(kdb) 33 \ < 2.3 x 10 _2O (eV) _1 , respectively, which 
can be also expressed in terms of the Sun-based frame 
coefficients. Using the same procedure, we have shown 
that it is possible to improve the previous bounds on the 
nonminimal coupling of Ref. [26] by the factors 10 8 9 and 
10 10 . 


We remark that the CPT-eve n nonminimal coupling 
proposed in Eq. (6) evades the Schiff’s theorem, imply¬ 
ing physical effects in the energy of the system, AZ7 = 
—d e • E, as explained in Ref. [3] , which allows to use the 
electron EDM to attain the tightest upper bounds on 
the nonminimal LV parameters. Such evasion, however, 
is not fulfilled by Dirac particles interacting only via elec¬ 
tromagnetic CPT-odd nonminimal couplings, requiring 
the use of the EDM of composite particles, as discussed 
in Ref. [4]. As composite particles have larger EDM, it 
leads to weaker upper bounds on the quark sector by at 
least a factor 10 4 (when compared with the ones attained 
with electron EDM). 

The bounds found on the axial coupling coefficients, 
Aa ( kdb ), A a(kde), should not be confused with the up¬ 
per bounds on the parameters A (khb) ■, A (k//_e) of the 
first CPT-eve n nonminimal coupling [26]. They consti¬ 
tute restrictions on different but analogue interactions, 
both restrictions being distinct from the known upper 
bounds on the CPT-eve n parameters of the SME [16]. 
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